
Minimal Model Program
Learning Seminar .

Week 4 :

Base point free Theorem .

The Cone Theorem .

Week 4 :

bpf Theorem .

The cone Theorem .



The Cone Theorems :

-
-

old notation new notation

( X.a) Ht → (Xia ) sub -httI /cxasi I|
was a..

µ , www.peop , . .Remark : As of 2021 , this

kit .

Theorem (Noon vanishing ) : X proper .
CX , a ) sub - htt

D neg Carter Cartner . Home xD - CK

bisons not I.int?TaII:s...
Theorem ( bpf ) : X proper ,

CXod) KH

D net Cartner tremor . Assume at - (texts) is

big and net for some azo . Then for Moo

Im D1 is bpf



Theorem (Rationality Li X proper .
CXod ) Ht .

Kx ta not net , a Ckx ta ) Cartier
.

H net and big Carter.

Define tie RCH ) - = msx { GEIR l Ht tckxta) is not .

Then r is rational and its denom is controlled by oectimxrsl
.

Theorem (Cone Theorem ) : CHA) projective KIT pair .
G) There are countably many G- EX s . t - Os - Ckxta) . Cr E 2dmX &

NE CX ) - Fear*a , >o t I
'

Rao Ect

For
any e.

o and H ample . ↳Iomgg!
NICKI - NETmaa.eu , so t Irs. Eat . t

§) FENETX ) extremal , Chhota ) -neg .

"""Tom

Then there exists a contraction morphsm ante :X→8)
CEX mapped to a point ⇐ Tel EF .

§ Conte : X→ Z
, as in G) , L a fine fondle on}

so . LF ⇒ Theft:3.IE:L
.
?
" Z s

!g÷%
.



The Cone Theorems .

✓
Riemann - Proch Theorem .

Non- vanishing
# ← use Kodaira banishing to htt reckons
×

Base - point free Theorem

H c- study
'

linear systems of the form
4

Rationality Theorems .

lptltcfkxl for different

(prog )

N H ← formal argument×

Cone Theorem
of convexgeom

Rms : The whole tiroooron is with CX,4) alt .

But the above theorems hold when Ox.as k

up replacing net & by ⇒ ample



Proof of bpf Theorem ..

By non - vanishing Hi CX ,mo) to for msu .

Boss the bare locus of Is 01 .

-

It suffices to prove
this for /Bs=BCmI€#I

f : Y→ X log reoohbron Ke - f
- Chhota) t Z'g- IT

aj2

f-
*

Cao - Ckxta) J -Efi osprey
--

big&mf#u ample over X -

ample

d-
*

Imo I - lui + Ei q p?
fixed park

Bs = U { fees ) I run} . Note that

f-
'

Bs Imo I = Bs Imf*DI



There exists IT with rjzo so that for all boo
.

Fo is not confined in Bs lbf -DL
.

b >o integer , c. so rational to > conto
,
we define

Nchc ) - bf*D - hat -2's Goro gas - pod E. .

Z - L

= ( b - cm -a) f
*CD ) Chef )

)+

ccmf *D - roti ) Cbpfs

g
-mph .

+

f
" CoD - Ckx tab -Z'por. Camp lol

→
KY t At eff .

By Kodaira H' CY
,
TNCb.cl?tk-c)--o

,
and

tubal - bf*Dt IT- org tag -pity - ke.

increase C from 0 to co and wiggle
the

Pj to achieve



I
'

f- crit a; -pil Fei

II

TAI - T

or.
-

xp;
→ prime

→ prime
Nyt TN Cb , 47 = by *De TAI - F

X

o → OytA×-
Q ( lot. D +TAI )→

OF lbf*Dt TAI )- o

Ho (T , bf.ttTAI )→ HIF
, Cbf.Dr TANIA

is surjective for 63 Cmt or

TAI is f - exceptional . big a net

NCb.cl/p--Cbf*DtA-F-K-dIp--CbfDFAIfF-ke



HEY, b't*Dt TAIL→ Half . .Cbf*Dt
.

Taille)
H
O

( by Non - vanishing

has a section not vanishing on F .

Since TAI is f - exceptional . , we truce
° E

HOLY, bf'D + TAI ) - HEY , bf 'D ) = HEX , BD ) .
Z

-O-

Negativity Lemma : hi Z → Y birational proper
between normal . -B h - hey ,

as B Zo ⇐ h * B 20
over

the bae

G) h
- '

Cy ) E Supp B or high app 8=4 n

-
o-

OSE n bf*D e- TAI E -tA7nbfoDn@xO.E
-TAI so f- * CE- TAI ) = f.Ezo



Now , we have a section E out but *D which push - forwards
to a section f *E of BD . We want to

argue
that

the section E is disjoint from F , so f- * E is disjoint from W .

This will imply Bs ( BD ) E Bs Cmo ) contritely the

stabilization of B :

p
E

ofEu Iof *D .

can E int F trans ?

I Assume C map
to a

.cn
µ

point in W .

C is general enough
on some fiber of f over W .

C. Ezo ,
C

. bf*D= o ⇒⇐
.

We found a section E of bf*D frog from F

→ Isa E is a section of 8D tis from W .

o

LT .



Theorem : Let CX.at be
proper hello pair .

Kita big tenet . Then §
.

Hiloxlmkx Heman )

is finitely generated over Q .

BCH1406 : The finite gem of
Beckwith

Conjecture ( Abundance ) : CX ed )
prog Klf ,

if Kita is net ,
then Kx td is semisimple.

Congee ture ( Effectivity ) : (Xd ) prog hills

if KxtI poeff , then kata is eff .

kxtd -a Ezo .



The cone theorem .

Theorem : Nyx E Na E Nir . ATE ENR

closet s¥Y convex cone
.
K c- Not so

that

LK . C) do for some CGNLT .

Horme there exists done# so oooh that for . all

HE N with H2o on NI - Ed ,

r .- = Max { GERI H + th so on NET .

rational of the form Uk Chd . Then .

NI - ATE Aso t Z' Riso Esi ]
countable .

g. is Nia with Cgi . KJ co and IRIS ;]

to not accumulate in Kx co .



Proof : Fix H an ample Carter tinier .

L net , FL - Lt n NE ,
heZhao

.

. g

-
rich . HI = Max { top / nlt Ht Iz

,
K is nett

.

VLChin ) is in
'
Ze so

.

RL (heh ) non - tee Wrt n

Indeed , If man , then

n
' L t Ht tL{m K = Ch ' - n )Lt nLtHtkcn k

ly ack)

net #
net

÷
Hence

,
we conclude that th Ch ' , H ) 3 rich , HI .

.

On the other hand
,
we will see it is bounded above



Indeed
, for any g e Fil Ntnu . , we

have

Hlm H )
H - g t z

- K - s Zo

k ChiHIE dCk )
. HI
- K - g

.

So rich H ) is bounded above
, is integral and non - tee .

This sequence stabilize for n bye enough to RCH )

We define the divisor :

① (NL , H NACK ) Lt LCKIH th CHIK .

We alarm that
.

.

Foam Hs E NIK.co U lol .
11

orthogonal to DCHL . H ) .

If 3 - Dash H ) - o , then @2Ck1LtaohdHJ.s so

so g. Keo , proving this claim
.



We claim that for n large enough , we have
.

(Xl) Focm.ms E FL
.

Let g. E Focnhns with g. ¢ FL .

Then
, we have that

g. L so and g - ( NACK) Lt LCKIH the CHIK . ) -o .

For N's> n , we have ( this value will depend on Hk) , Hi NCH) & K).

g. (Nack )L tack ) Ht KCH IK ) so .

Hence get focal . HI -

Since L is net , we have F Don 'Ll H ) I FDCNLIHI .

If Foam . HI E Fi ,
then we stop .

If not , we can iterate the above
process

to at town

Jim FD cnn.it ) Yam
.

This proves
that c*) eventually holds .



Hence , we have that :

O # Flock . HI E FL holds up to replacing
n with a large multiple

Claim : for some H ,
Jim Foale HS < Jim FL

.

Hi bois FI , the linear fondues

(nlt Hit maffick ) If
, they can 't

be 2N zero , so
Jim Fane

. Hi ,
< dim FL for rome i .

Fo E FL Fu is one Tim .

Nt & NIK
..
t Ii Fc
Jim Foy

have the closure (verbatim from door cone Thul .



Step 4 : In this step ,
we prove

that the Fr

do not accumulate in Kao .

Step 5 : In this step , we prove
that for e. o .

we have the equality :

ATE = NT
r. + one.

t I
,
FL

.

fmrbe
FL . Chex + Etr ) so

The cone Theorem follows from tawny E-so in the above expression.

(with some extra formal argument that we are omrttnyl .

Step 6 : We prove
that if FENECH is a

(Kota) - negative face . then there exists a net Carter

Jnoroor D so that Fo = F .

Let SFI be the linear
span of

F .

o V E Next

the set of linear functions vanishing identically on SFI .
Since thegenerators of F are spanned over Q . .

then k is defined over On ,
take Ew small enough so that

Kx ta t E H is negative on F .



Since F is extremal , SENATE CX) - F .
Thus

Wp : = NETH )
*+ a+ enzo

t Ernie
,

FL -

FL & F

is a closed strictly convex cone int CF> at the
origin

.

Furthermore, Nt - WF t F . Hence we can find
a laforce point g EV so that Cg - o ) Z SF) and

Cy -0 ) n WF =o

Thus , we may find a Cartier divisor D which
ghees

a supporting function of F E NECX ) .

Step 7 : By assumption - Ckx ta ) is portree on F .

MD - Chex ta ) is strictly portree on NTECX) thx

By bpf Theorem .
Intl is bpf for man

Let
gf

be the contraction associated by the stem factorization
to the bpf linear system knot

.

Step 8 : since g f
is not an isom (MD not ample ) . it

must contract some come C . Similar to the smooth owe
,

O C - Ckx ta) . C f 2.Jim CX) .



Step 9 : Let X Es Z be the contraction
.

associated to F . We claim that
any line bundle L on X

such that L
. F -o descends to Z i.e. . there exists Lz

line fondle on Z so that
. L - LELE .

Let D be a Cartner tremor supporting F
.

We ENTECXI .

ft is defined by knot .

So , both MD and cmon D

are pull- box of Carter divisors on Z -

MD - great
carbon

(MH )D =

g ¥
Dat

Carbon .

Thus
,
D= Cmm )D -mD=g¥ Coz -Del .

Hence D is the pull - back of a Carlier tmrw on Z .

-

Now , let L with L
.
F - o

,
then LtmD is also

sopping F . Hence
, LrmD=g¥Mz→ Cartier .

Set Lz = AIME - Dsl .

Lt


